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Abstract 

It is shown that the one-loop ultraviolet divergences in renormaliz- 
able supersymmetric theories can be regulated by the introduction of 
heavy Pauli-Villars chiral supermultiplets, provided the generators of 
the gauge group are traceless in the matter representation. The pro- 
cedure is extended to include supersymmetric gauged nonlinear sigma 
models. 
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It was recently shown ||T| that the one-loop quadratic divergences of stan- 
dard supergravity can be regulated by the introduction of heavy Pauli-Villars 
fields belonging to chiral and abelian gauge multiplets. This result holds a 
fortiori for renormalizable supersymmetric theories. While it has not yet been 
shown that the full supergravity theory, including all logarithmic divergences, 
can be regulated in this way, the results of supergravity calculations @, @ 
can be used to show that this is true for the easier case of renormalizable 
supersymmetric theories, provided Tr(T a ) vanishes, where the T a represent 
the generators of the gauge group on the light chiral multiplets. This result 
may be of some practical value in calculating quantum corrections, although 
there is no objection of principle to using dimensional regularization for these 
calculations. I also consider the class of nonrenormalizable theories with a 
nontrivial Kahler potential; in this case the Pauli-Villars masses, which play 
the role of effective cut-offs, acquire physical significance. 

The Pauli-Villars regularization procedure is presented here using func- 
tional integration in an arbitrary bosonic background. That is, I calculate 
the one-loop correction to that part of the bosonic action that grows with 
the effective cut-off (s). Since the result just amounts to wave function renor- 
malizations (and/or renormalization of the Kahler potential), the fermionic 
action can be inferred from supersymmetry. The derivative expansion used 
here to obtain the ultraviolet divergent part of the effective action is not 
generally amenable to the calculation of finite S-matrix matrix elements be- 
cause higher order terms in the expansion are infrared divergent. However, 
since it is shown that the theory is ultraviolet finite (at least at one loop) 
with the appropriate choice of Pauli-Villars fields, there is no impediment in 
principle to implementing this regularization procedure in Feynman diagram 
calculations. 

The one-loop effective action Si is obtained from the term quadratic in 
quantum fields when the Lagrangian is expanded about an arbitrary back- 
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ground; for a renormalizable gauge theory: 

C quad ($,e,c) = -U T Z" , {vl + H^)^ + ^&Z e (t'Pe-Me)e 

+ hz c (v 2 c +H c )c + 0(ij), (1) 

where is the gauge covariant derivative, the column vectors $, G, c rep- 
resent quantum bosons, fermions and ghost fields, respectively, and ip repre- 
sents background fermions that are set to zero throughout this paper. The 
one loop bosonic action is given by 

S, = l -Ti\n(vl + H*)- t -Tr\n(-i'P e + M e )+ t -STr\n(V 2 c + H ( 



-STrln(P 2 + ifj +T_, (2) 

where T_ is the helicity-odd fermion contribution which is finite for a renor- 
malizable theory (and, more generally, in the absence of a dilaton ||), and 
the helicity-even contribution is determined by 

V 2 e + H e = (-i Tp@ + M e ) (i + Af e ) . (3) 

The field- dependent matrices and Z> M (0), as extracted by taking the 

flat (Kahler and space-time) limit of the results of [0], [[J, are given below. 
Explicitly evaluating (2) with an ultraviolet cut-off A and a massive Pauli- 
Villars chiral supermultiplet sector with a squared mass matrix of the form 

M 2 PV = H PV (<t>)+K ^=H PV + ^ + v, \u\ 2 ^^^H PV ~H, 

gives, with H' = H + H PV : 

32tt 2 5i = - J dVpSTr In (f + /i 2 + H' + v) + 32tt 2 + T_) 
= 32vr 2 (S[ + TJ)- J d^pSTr In (p 2 + /i 2 



d 4 xd 4 pSTr In 



(4) 
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where S[ is a logarithmically divergent contribution that involves the Yang- 
Mills field strength, = [V^V V ]: 



32^ S ; = 1 / rf.*^ i^., G - „ = G 



(p 2 + fi 2 ) ^ (p 2 + n 
Finiteness of (4) requires 

SlV n = STrtf' = STr (2/j, 2 H' + 



(5) 



= STriT 2 + -STrG' 2 = 0. (6) 
6 

The vanishing of STr/i 2n is automatically assured by supersymmetry. Once 
the remaining conditions are satisfied we obtain 

d A x 



Si = - 



64vr 2 



STr 



2fi 2 H' + u 2 + H' 2 + -G'G'^ ) In// 
6 ^ 



finite terms. 

(7) 



The Lagrangian for light fields is 

1 



£ = V»z t V ll z l --F t , u F^-W t W-^(zT a z)(zT a z) 
+V2g {i\ a R {T a z) tX l L + h-c.) + C gf + C gh , 



(8) 



where Z l = (z l , Xl) is a chiral supermultiplet, A a is a gaugino, F" is the 
Yang-Mills field strength, and W(z) is the superpotential. The gauge-fixing 
and ghost terms || are, respectively, 



(V^)\ + ^ 2 (zT^)(zT^) + g 2 (zT b z)(zT a z 



(9) 



where quantum variables are hatted and background fields are unhatted. 

To regulate the theory we introduce Pauli-Villars regulator chiral super- 
multiplets <f) PV : = {Zf)\ Z* = {Z'fY and (p% = (^f)t, with signature 
^a,/3 _ _[_^ which determines the sign of the corresponding contribution 
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to the supertrace relative to an ordinary particle of the same spin. Thus 
i] = +1(— 1) for ordinary particles (ghosts). Z 1 transforms like z % under the 
gauge group, Z' 1 transforms according to the representation conjugate to z\ 
and f a transforms according to the adjoint representation. Including these 
fields the superpotential is 

z' 1 ,^) = w(z) + J2^z I a Za+T / ^a^ 

a,I a,(3 

+^e^^x j +/e &7 ^(^; t ^)' ( iq ) 

a 7 

where the ranges of summation are 

a = l,---,JVi, p = l,---,N v , T =l,...,JV Jv „ N I(p < min{JVi, N v }, 

(11) 

The parameters /i play the role of effective cut-offs, and a Q ,6 7 are of order 
unity. 

The supertraces needed to evaluate the divergent part of the one-loop 
bosonic action are 

STr# x = 2g 2 (zT a z)Tr(T a ), STrH g = 0, (12) 

where the subscripts \i 9 refer to supertraces over chiral and Yang-Mills (in- 
cluding ghosts) supermultiplets, respectively. Since the heavy Pauli-Villars 
fields form vector-like representations, they do not contribute to Tr(T a ); thus 
we require Tr(T a ) = for the light fields. 
In addition, defining 

X A Y A = Y,V A X A Y A (13) 

A 

we have, for traces evaluated with </>py = 0: 

^TtH 2 x = W iAB W ABj (WWj + V^V^Zj) 

-g\zT a z) \{T a zfW lAB W AB - Ag 2 (zC 2 (R z )T a z) 
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2 H « 



-2g'C a G {zT a z){zT a z) - 9 -C a x [f^F^ - 2g 2 (zT a z)(zT a z) 
-Ag 2 (V^zC 2 (R z )T a V"z) - Ag 2 {T a z)\T a zfW kl W k n 



G 
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-F: V F^ -g\zT a z){zT a z) 



SlYG*„Gf = STrG^Gf = 0. 



(14) 



In these expressions, A, B refer to all (light and Pauli-Villars) chiral mul- 
tiplets, Cq is the Casimir in the adjoint representation of the gauge sub- 
group G a , C2(R) is the Casimir in the chiral multiplet representation R: 
(zT a T a z) = (zC 2 (R z )z), and C a x is defined by 

[Tr(T a T 6 )] light+P v, C£ = E (l + 2 E Vi] + Q E rf, 

dim( J R) 



G^5 a b 



G^ a6 - [Tr(T a T b )] R , C a R 
We obtain for the overall supertraces: 



C a 2 (R), C 2 (R) = J2C a 2 (R). (15) 



-STyH 



W iAB W ABj - Ag 2 5lC 2 {R l )] (WWj + V^V%) 



AB 



-g 2 (zT a z) (T aZ yW iAB W™ - Ag 2 (zC 2 (R z )T a z) 



(16) 



+y (3Cg - G x a ) [f^F;, - 20 2 (^ a z)(*T a z) 
STrG^G^ = 0, 
where I used the identities 

(T a z) l Wi = = dj [{T a z) l W z ] = {T a ))W j + (T a z) l W iv (17) 

that follow from the gauge invariance of the superpotential. Explicitly eval- 
uating the derivatives of the superpotential with respect to the Pauli-Villars 
fields gives: 

(T aZ yw lAB W AB = (T aZ yw t3k W° k (i + E v>l) + g 2 (zC 2 (R z )T aZ ) E v% 

\ a J 7 



w iAB w 



ABj 



W M W jH ( 1 + E V?a 2 a ) + g'SjC^Rt) E ft. 



(18) 
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Therefore finiteness requires: 

o = i + 2 5>? = 3 - Y,v2 = i + = 4 -E*K ( 19 ) 

a 7 a 7 

To extract the residual finite part, we may take, for example, 

r)? = rj a , nf = pd a , yP = y^, (20) 

and use the results of || to evaluate the terms in (7) that grow with the 
effective cut-off p. Since there are no terms of order p 2 in (14), we need only: 



Va hi(/i 2 A Q ) = In p 2 V a + m Pi m P = '7° ln ^ 



(21) 



Then we obtain for the one-loop effective action: 
1 



64vr 2 



STr ( H' 2 ln p 2 ) + finite terms 



1 



64vr 2 



Hp 2 / p' z m' 2 z )W lke W M - 4g 2 6jC 2 (Ri) ln(/i 2 p Z(p /m Z(p )] (WW, + V 



-g 2 {zT a z) [Hfi 2 /p' z m' 2 )(T a zyW t3k W jk - Ag 2 \n(^/ p Zip m 2 Z(p ) (zC 2 {R z )T a ; 

.2 



+ 
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3C%\n(p 2 pJm 2 ) - C a M Hp 2 /p' z m'z) K >F« - 2g 2 (zT a z)(zT a z 



+finite terms. 



The m's are the appropriate infrared cut-offs, and 

lnp z = 2^^1n5 2 , lnp^^lne 2 



/9' 



kip'z = ^r7 Q ln(5 a a a ) 2 , \np Z(p = J2 i 1 hi(5 7 e 7 6 2 ). 

a 7 

Then the one-loop corrected bosonic Lagrangian can be written as 
C {z,A^,g) + d = C [Z 2 2 z,Z 3 2 A^Z$g) + finite terms, 



(23) 



(24) 
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with 



1 



327T 2 
,2 



\n(fi 2 /p' z m'l)W iH W 3H - 4g 2 5f In (/i 2 p^/m| J £ C£(i2, 



Z 3 ° 



16tt 2 



The coefficients of ln/i 2 in the renormalization constants correspond to the 
standard result for the SUSY /3-function and to the chiral wave function 
renormalization found in "supersymmetric" gauges |J , || and in string loop 
calculations 0. 

It is straightforward to extend these results to the nonlinear a-model, 
again using the results of 0, for supergravity. We introduce an arbitrary 
Kahler potential K(Z l ,Z l ), with Kahler metric as in 0, Z 1 \Z' 1 have 
the same Kahler metric as Z % , while ip a has Kahler metric 5 a &. However to 
regulate the logarithmic divergences, we have to specify additional terms in 
K. With the conventions that indices are raised and lowered with the Kahler 
metric, and that scalar derivatives are field reparameterization covariant: 

VaZ'Wz^Ki-, Zr = K^f Z j , Z J ) Z™ , 



W 



I] 



diWj + T^Wk etc., 



(26) 



we take 



K(Z\ z\ <p PV ) = K(Z\ z l ) + y: {ziz? + z'lz'f) + £ 

a p 

+ o(< 



E K ij (z\z*)(Z I a Z J a +Z>iZ> a J )+h.c. 

a; I,J=i,j 



'PVl ■ 



(27) 



and, Eqs. (12) and (14) are modified as follows: 



STr# v 



2g 2 V a D A (T a z) A - 2R\ [WWj + V^V^z 



D A (T a z) A = Tr(T a ) + Ti l (T a zy = Tr(T a )+^l + 2Yv?yiATazy 



V a 



Ki{T a z)\ Ri = R j i A A =[l + 2^ iV f)R 



i fe) 



(28) 
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so STyH x vanishes by the conditions (19) with Tr(T a ) = 0. Here R B and 
C D are the Kahler Ricci and Riemann tensors, respectively. In addition: 

(W tAB W ABj + 2W AB W AC R B C \ + W k W e R A J e R B A ty (W l W 3 + V^V%) 



-TrH 2 

2 x 



+2V lx z j Vz i R i j B A R eA B W e W k 

+V lx z j V»z i (w iAB W k R A k B - R AB W kAB W k + h.c 

1 
2 



+v,z^z l v v z t v v z k (R A B i j R B A k t - ^R A B \R B A k 



+V^V^V l/ z k V»z e [ R AB R k A e B + -R A B k t R A B \ 



T AB 



2 H ° 



-g 2 V a (T a zYD t [W AB W - Ag\zT b ) 3 {T bZ y\ - 2g i C a G V a V a 

- 9 ^D A (T b z) B D B (T a z) A (FTF^ - 2g 2 V a V a ) 

+4g 2 (zT b )i(T b z) k [tfjjWiW + 2g 2 V a R Aj i W j W i D A (T a z) B ~ 
+2g 2 V^V% [2R\ k e (zT a ) k (T a z) e + V a R\ A D A (T a z) B 
+g 2 V a (T a zYR l AB W J W AB - 2iF® u D A (T a z) B R A B j i V fi z i V u z j , 

-4g 2 D k (T a z) i V li z k D j (T a z) i TPz* - 4g\T a z)\T a zfW k Wl 



: g 2 C a G (-F; v F^-g 2 V a V a y 
Using the conditions (19) we have 

D A (T h z) B D B (T a z) A = A(T 6 ^D,(T a ^fl + 2^<)+^Q5:^ = 3te, 

(TazYDiWABW^ = (T a zyw ijk w jk (l + 

+g 2 (zT h )(T a zYD l {T b zYY,Vlbl l + 0(f) 



(29) 



= Ag 2 {zT h ){T a z) i D i {T b zy + 0(f), 



w iAB w 



ABj 



■jki 



+g 2 D l (T b z) k D^(zT b ) k £ ^b 2 + 0(f) 



W AB W AC R B C \ = W ki W km R e i i (l + 2j2r ] ^ 

-g 2 (zT a z) e (T a z) k R% £ rjjb 2 + 

7 

= -^\zT a z\{T a z) k R l i^O{^), 

R a b \R b a\ = R m n\R n ^ l (i + ^i) =0, 



R A BlR B A k i = RJ m eR"] \ 1 + 2 Yl Vl) = °) 



nAB nke 
n j i n AB 



i^LU(T^) B = i2 fc / i D Jfc (T°«)^l + 2X;»7?)=0. (30) 

Inserting these results in (29), we see that the overall supertrace is finite. The 
0(/x 2 ) terms in (30) are the contributions from Z , Z given in n, and they 
contribute an 0(fi 2 ) correction to the Kahler potential that was evaluated in 
that paper. 

The residual finite terms that grow as ln/i 2 can be evaluated using (21); 
as shown in 0, in the absence of gauge couplings, they can be absorbed into 
a redefinition of the superpotential, except for some terms that depend the 
Kahler Riemann tensoiQ, and that correspond to higher dimension superfield 
operators. When the gauge couplings are included Q, there is an additional 
correction to the Kahler potential, giving: 



5K(z,z) = — [\n{p 2 / p'.m'^W J - 4g 2 \n{p 2 p Zip /m 2 Zip ) {zT a UT a z) l \ . (31) 



1 The next to last line of Eq.(3.6) of || should be deleted; other corrections to Q, that 
do not affect the final result presented in that equation, are given in H . 
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The bosonic part of the correction to the couplings of the Yang-Mills super- 
fields takes the form: 



gauge 



jl f 1 f» u j? a _ y_T) T> a 



?>C a G 5 a h \^ 2 pJm, 



ln(n 2 /p' z m%)D i (T b zyD j (T a z) i 



(32) 



Aside from the holomorphic anomaly M that arises from the field-dependence 
of the infrared regulator masses, the coefficient of F^F^ is not a holomor- 
phic function. That is, when the Kahler metric is not flat, there are correc- 
tions that correspond to D-terms as well as the usual F-terms. 

It was shown in in the context of supergravity, that Pauli-Villars 
regularization of the quadratic divergencies is still possible when the theory 
includes a dilaton supermultiplet coupled to the Yang-Mills supermultiplet; 
the regularization of all one-loop ultraviolet divergences when a dilaton is 
present will be considered elsewhere. 
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